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in a ln . l lg l le l ic  field-free plasmu, the polarization and ~,tatistical contributions 
to the test charge energy loss ;ire fornlulate,,I entirely in terms of linear and 
quadratic dielectric functions. 
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1. I N T R O D U C T I O N  

There  are two principal  tncchanb, nl~, ,.~ hich ,~ctttcr a test pa r t ide  in a plasma. 
T h e  first mcchanisnl  relates to the polar izat ion of" the medium and the second 
to its statistical t luctuathms. 

Concerning  po la r i / a t ion .  ~hen the Ic,,t charge enter ,  the plasma a 
screening cloud I\)rms about  the lc'-,t c.:h,lrgc, exerting a net drag force on it. 
The  interaction:., are brought  about  holh by the ofl]cctive tr L.:) helta,,Jc~r 
of  the plasm:t part icles and by rnan,.-hndy tu,,l-charge field-particle itttcr- 
a c t i o n s ( r -  /.,). K r o n i g a n d  Koringa.  Krarner , , , and  Ncufchl and Ritchic ~l' 
lirst analyzed the extent of  this po la r i / a l ion  by c<)n,,idcring the plasma to hc 
a con t inuous  polari:, 'able fluid: the pru',cnce of  the tc'.,t charge then bring'-, 
abou t  an average electric [idd respon',c v, hich. in turn, decelerates the tc,,t 
charge.  Chand ra sekha r  and others  r al,,t~ considered the polari , :at ion aspect 
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~I scattering using lest-charge-plasma-particle binary collision models. 
i i t~wcvcr,  the long-range characlcr of  plasma interactions renders binary 
cullision models less suitable than the self-consistent formulations of the 
[",revious authors cited/'~ 

Concerning the see, rod principal scattering mechanism, the test particle 
~, heated tip by the thermal fluctuations o1" the plasma particles. Gasiorowicz 
, :  .#c~, were able to take account of statistical effects in a Fokker-Planck 
,~ ,dol which viewed the plasma ss)stem as a source of random microforces 

_ ~~g ~n the test charge. The most systematic treatment, however, which 
:: i~cts [)'ore a microscopic Newtonian equation of  motion for the test charge 
~: a classical plasma, was presented by Kalman and Ron. ~4~ Their pertur- 
~':~Iion-.theorctic study, which features the coupling strength e ~ (which, in 

~ ,~cns ( u ess, form is the ratio of the potential energy to thermal energy) as 
~ :  ~,n/allncss parameter, yields the test charge energy loss expressions For 
::.,: i;~lre polarization and pure statistical etti:cts (these occur to lowest 
~;: ':  ~- e ~) and for the mixed statistical-polarization effect (occurs to e a lowest 
;,-;Jet). Kalman ~'5~ later reforlnulated the O(e 2) energy loss contributiorls hi 
~.. ~ms of the l inear  wave-vector- and frequency-dependent dielectric function 

!~,l~g Itic lines of the fast electron energy loss calculation discussed in lhe 
~:;;~:~lturt~ liquid studies of Pines and Nozieres <~) by making use of the 
. ,  ~ } q  " . . . . .  ttc,l mechanical fluctuation-dissipation theorem. ~7:' This elegant de~- 
:. i;mon of energy loss not only provides a deeper insight into the structure 
.,: ii~e Fokker Planck coefficients, btt[ enables one to determine the energy 

hi terins of the Vlasov  expression f'or the linear polarizability. Indeed, 
~;c- cmlld calculate the linear polarizabilily from a kinetic equation for the 
>~c. particle distribution function which displays a collision operator on its 
r h.s= We shall see, however, that the subsequent introduction of such 
i :her-orcier coilisionat corrections must. for lhe sake of completeness, be 
: .x;ompanicd by the inclusion of the Vlasov expression for the quadratic 
i~<,Ltrizability<~ in a dieleciric formulation of energy loss. 

Rcccnily we were able to establish a nonlinear fluctuation-dissipation 
~;".,oorem pn~viding the connection between a single dynamical equilibrium 
r ipict  era'relation of microscopic current (or charge) densities and a com- 
i:.i~alion of three wave-vector~ and frequency-dependent quadratic polar- 
i :::bilities. ~'~ l h c  development of this theorem therefore makes it possible to 
~,;~!cnd Kalman's  dieleclric formulation to higher than first order in the 
.... ::t~piing strength. This is lhe main purpose of the present paper. 

"]'t~is paper is divided into five sections. In Section 2 the perturbation 
'::!-~eme is laid ~,ut, featuring the charge of the test particle as the smallness 
~ : ~ s m ~ ' i c r  For the sake of" mathematical simplicity, we restrict ourselves 
.... :., I~, a c~~sidoratinn of magnetic lield-free plasmas. In Section 3 we use 
n.cditm~ otectrodynamics to develop the linear and quadratic expressions 
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for the power  loss due only to the pure polarwat ion effects. In Section 4 all 
~,f 1he correlations of  the microscopic electric fields, ~.hich arc enumerated 
Jn .";cction 2. are recast into equi l ibr ium en.,,emblc-avcragcd correlations of  
micro,,copic current densities suitable for conversioll in Section 5 to linear 
anti quadrat ic  polarizabili ty funclion,~. I-:inally, in Section 6 the power 
io,,~, expressions are shown, and a Vial, o,, calcttlalion I\)r the quadrat ic  
poJari/abili ty is displayed in order to propcrly fc,tturc the coupling strength e'-' 
as Ihc slnatlncss parameter ,  thereby brmgm~ our expan,,ion scheme into line 
wtth the cus tomary  scheme of  plasma phy~,ics. 

2. P E R T U R B A T I O N  S C H E M E  

In Ihe absence of  plasma and externally applied magnetic lields, the 
moving test particle (of  m a s s  m o and charge Z e )  traces out a straight line 
palh at constant  velocity vo. At t : 0 we introduce Ihe test charge into a 
classical magnetic field-free plasma. Thell l\~r I -0  the total microscopic 
electric licld Eix(t) ,  t) of  the plasma particlc~ brings about  the small micro- 
~copic c i l ange / Iv  in the velocity of  the test charge. The microscopic equat ion 
of  motion,  

( d / d O / I v ( t  ) -.-: ( Z e . m  o) E( t ) ( I ) 

shows {hal, 1o lowest order,  the smallness of  dv  corresponds to the assumed 
smallness of  the test charge. Its position x(t) is evidently given by 

x(t) :-- x(0)-.f- rot t dxU)  (2) 

where 
. . !  

Ax(t)- I dt' Av(t'l 
�9 I I  

Without  loss of  generality, one can set x(0) 
the microscopic field 

0. Next, we Taylor-expand 

E,(x(t). t) .. E,.(v0t, t) -~- E,.~(v0t , t)Ax,.(t) i-. ~E,.,.~(v,,t, t ) A x v ( t ) A x e ( t )  (3) 

about  the unper turbed orbit  v 0 / o f  the test particle and set 

�9 4G( t )  --=-. Av!,~ i dcl','-~(t); ' (4a) 

Ax.(t)  Ax~fl(t) '"~ =- . z l x , - ( t )  : ' -  ( 4 b )  

where the ith superscript  denotes, for cxample,  that the correction Av~ ~ is o f  
O [ ( Z e ) q  in smallness. 
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The application of the expansions (3) and (4) to (I) then givcs the equations 
of  motion: 

,1 Q L .  (d.~dt)/.r,. i t)  - (Ze,'m.) ~.,iv.t. t) (5a) 

(,, 
(d'dt A,,,- (t) (Ze,"m.) E,. ,(v,)t, t )Ax~t)( t )  (5b) 

(d/dt Arl.'a)(t) (Ze/n:o)[E., (v0t, t) Axl.')(t) 
| , . . ,  ', ,.,/';..,,(vot. t) Ax~')(t) ,'lxJ~)f't)] ( 5 c )  

with subsequent integrals 

, t  

Al,~,')(t) (Ze/n,.) i ,It" E.(v,,t'. t') (6a) 
* II  

�9 I ~ l '  - t  ~ 

Av~.z'(t ) (Ze/mo)'-' t ,, dr' .t ~ dr" J ,, dr" l:',,.,,(v.t', t ') E.(%,'", t") (6b) 

. l '  . t "  . t "  tlV 

~ '  I )  (1 ' [1 " I1 " (I  

A r,(y(t) 

".< E,, ,,(v,,t'. t ') E,,,,(vd'". t"'} Ea(v,,t v, t v) 

] , t  , t '  . t "  .t" r l  I%' 

./ /;:,..,.,(%t', t ') E,(vJ'". t") I').,(%t v, tv)i~ (6c) 

Next, we turn our attention to a calculation of  the test charge energy loss, 

A T  - ' ' ~m,,(v,,  i A v ) - t v , ,  ! J v )  2DIlll" n-  �9 

m,,% �9 ._4v(t) .~m,,A~(t) �9 Av(t)  
(7) 

which, from (4a), can be decomposed into tilt" corrections 

| )  A'/ 'm('t ) m,,t c,,,At,, ( t )  (14at 

/1 (o).  t (1) (1) ATOll(t) " m,,ro, r ,7 / t )  ~m..41,,, ( t )Av, ,  (t) iXh) 

AT~a)(t) - m,rro,,Av~Z)(t) m.A,,~,P(t)Zlr~,Z)(t) (8c) 
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The  ensemble -ave raged  energy loss" is then ca lcula ted  accord ing  to 

'A . . . . .  _ j "  J ' '  : J ; { ' )  " H daxi d:)P , .QA T 
1 .  1 

s~l "(~N N i "'" f H ' lax/daP,  ~2(')/1T ~ ./l ' l">(")(t) (9) 

where  .Q is the N-par t i c le  d i s t r ibu t ion  func t ion  normal ized  to uni ty ,  ..Q(u) is 

the m a c r o c a n o n i c a l  d i s t r i bu t ion  func t ion  of  the unpe r tu rbed  p la sma  particles,  

a n d  (.2 ~') --- O[(Ze)*] is the sth cor rec t ion  due  to the p e r t u r b i n g  inf luence o f  

the test charge.  T h u s  [see, e.g., Eq. (I 8) below] 

,'AT>(()) (AT(l~..(o) : ,'A7",'-'),,)) : , 'ATIa) , (o)_:  ... 

A'/" (') //17",),,(I) : /JT,~, (I) . . . . .  �9 / 

" , I T  ~ �9 A T  ()' '~ " �9 / 

to third odor of  ,,mallnc,~,. ( ' Icar ly  ,,,..Jl'()) . . . .  m . v , - < : / I v ( u ' / ~  0, 

since, for thc equ i l i b r i u m .,,ystcm, all possible  d i rec t ions  of  the total  micro-  
scopic  electric field arc equa l ly  probable .  Wc now redis t r ibute  the average 

energy loss in to  g roups  o f  like ordc:" i,l the d r iv ing  test charge  (Ze ) ,  n a m e l y  

, / I T  (t)  UC")(t) I,"a)(t) -! "'" (10) 

w h e r e  

U(z)(t) - K----'AT(t)"(O: . / ,]T(~)c0) 

( 1 )  , ( i )  , Z l t , ( ~ )  ( o )  - m o v , ) , , , A r ,  ( t )  . t , , r , .  ,, ., (t)~> 

l ( - u ) ,  j v<~ , ( t )  ( f l ay  - ~ 2 t l l o , , ' l l ' ,  I t )  Io ,  

U (a)(t) , :d l ' ( l ) ,  ~:,~ /A.I.('.,). Iv .:jl.l:p . I,,) 

md,o,,, Av( l~ ( t )  ("o m,,t',),.CgJ ,,'(I J~ (l 

, . .  ( , ,  . ( , ,  , , ,  / i , . l , , , ( t ) A , : ~ ' , ) U b ~ o  xm0" /It',, ( f lAY , ,  ( t ) '  m,, 

. (a) (o) movo,,, Jr,,, (It  (I Ib) 

2 We shall see that the average cncrl:v loss of tht' t<,.t parti,-I~ is proDorttonal to its residence 
time t in the plasma. In order thai the orbit ,f)l the tcsl charge be only slightly disturbed, 
its residence time must be short compared with its relaxation time. On the other hand, 
the notion of ensemble averaging according to (9) is meaningful only if t is sulticiently 
long to include many fluctuations of the plasma p.rticle, It is physically reasonable to 
assume that rt t ucruAll )N -'- rRI t AXA rlON , and if the test ,.harge interacts weakly with the 
equilibrium systcrn, then rREr.AX,,~t-ION ~ >',. Thus in the sequel we take t to be large, 
i.e., t -.-)- oo. 
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The velocity correction in (t la) and (I Ib) can , ow  be climinatcd i:, I'av, ,r 
of  the microscopic ticld quantitics by use of  (6a). (6c). Wc ohlaiu 

" , ( ~ . l  I , ( ~ , 2 )  U~)(I) U~,'c))l.(t) r l.%t:vr(t)1-&s]^TCt) I? ,  

(a) i'(:~.~ "' ' t LFa':) tt) 'b ("a)( t )  : Ue,)t.(t) t ~, ,-'m,t..sral',,) srAI~ 
x ~ l . 2  s-  :1 

where 
: . t  

~:.,~ V,-,~ Zer . .  dr (E,,(vor. r)> ~'), s == I, 2 (13a) / 
' P O L  ~ t !  - �9 w 

d 0 

-- . . . . . . . . .  Vo,, dr' dr" <E,,.~(vor, r) E,.(Vor', r ') ' ;  I~ 
u S ' I ' A T ~  / I ' t lO  " " 0 

(13b) 

U e,.2)~., (t (Zc):: 4 ~ 

s]^r~t p " " 2too .-,)dr . [ d r '  <E,,(Vor, r)  E,,(v0r', r').I,,~ (13c) 

U(3.1) i t  ), 
P O L , S T  A T ~  / ! . . . . . . . . . . . .  ,o. ] [ , l :  </:.,,.,.~,'o,. -,-I/:..(,.:", -,-")>") 

mn " " (13d) 
4t  . t  

U POI..STA.F(I ) r . ( a . = )  -213/o-(Zr j ,, dr .I ,, dr"(  F"(v~ r) E" (v~  (13e) 

U(3.3) { . ~  
S . r A T ~ / )  : .  

(Ze) a f( j" -,' f,- . . . . . . . .  dr dr' [ dr" dr" 
'J?lO 2 0 0 " 0 0 

v : E.(v,,T. ~) g,.~(Vo<, <)  g~(v:", <,,)>(o) (130 

,,-,s'r^'ru) �9 m,)a t',,,, j , )dr  dr' [ dr" dr" dr 'v 
" 0 " 0 " { I  

.. (L',.~(Vor, r) E,..a(Vo 7~, r " )  E,(vo f ly ,  rtv))(o) (13g) 

""STAT~"! :- " 2m0" v.,, o dv . ,  dr' o dr" o dr~V 

~. /,/;,,,,.,(vow , r )  E~(v,,r", r " )  E,(vor w, r lV)~ ~~ (13h) 

The energy loss expression (12a) has already been cast into a completely lineor 
dielectric form by Kalman for nonrelativistic magnetic field-free plasma ~y>- 
terns (5~ and by Golden and Kalman for relativislic plasma without externally 
applied magnetic fields.~~162 first r.h.s, term of(12a) arises from polarization 
effects [note in (13a) the perturbation in the field particle distribution function 
brought  about  by the polarizing presence of  the test charge]. A glance at 
(13b) and (13c) shm~s that the last t',~o terms ~fl (12a) arise from statistical 
effects; here one can use the equilibrium fluctuation-dissipation theorem to 
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eliminate the inconvenient correlations of the microscopic eleclric ileitis in 
favor of the linear dielectric function. l h e w  calculations of Kalman will be 
briefly reviewed in the present paper. In Ihe expression (12b), the first r.h.s. 
term represents a higher-order correction I.o the polarization loss, while 
terms (131")-(13h) arc purely statistical contributions since they are simply 
triplet correlations averaged over the unperturbed distributioa function o f  

the plasma particles. We note, however, that (13d) and (13E) are doublet 
correlations averaged over the pertuibcd di~,tribulion of the field particle,, 
(again brought about by the polarizing influence of the moving test charge): 
these latler contributions therefore portray the mixed statistical-polarization 
effects to lowest order in ~Ze) 

Now the contributions (13d) and (13c) can be expressed in terms o t  

equilibrium triplet correlations similar to (13f)--(13h) by lirst observing that 

~(2q)(t) = - i J dr"' {exp(  i/,(~ /.(v(t -- ~-'")D, (~ 

in a formal solution of the perturbed Liouville equation 

(i!2(]~.;L't) ', ii."))~2 'm) i - i l - ' J ) ~ 2  (~ 0 

where 

(14) 

l , < " )  i l t l  ('~ . . . .  ], s - 0. I (15) 

are Poisson bracket operato~ ,,, I1 ''') being the Hamdtonian of the unperturbed 
plasma including interaction, and 

t l (~) ( t )  " ~ ,[ ._p.(t jpD. (16) 
P 

the Hamiltonian porhayiag the inleraction between the external scalar 
potential of the moving test charge, 

(17) d~ p , ( t )  -- ( Z e . , q ) p  "z) exp(ip" - v,t) 

and the microscopic charge denstly tb" �9 Upon combining (14)-(17), we can 
ultimately show that 

ifl D(,,, /,~ 
" O ' V ( t )  (~-oii' ( le)  ~ p.~-.i'i 

where 

dT"' /,.( p", t r' )  exp[ip" �9 vo(t  - -r")] 

t l8)  

j(p", t) -: .i'1 d2r e x p ( .  -ip" " r)j(r, t) (19) 
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is the p"th Fourier  component  o f  the microscopic current density a and 
~-~ = k T i s  the temperature in energy units. Equations (13d), (13e), and (18) 
therefore combine to yield the equilibrium triplet expressions: 

U(a"' '" ifl(Ze)a ~- P~" "' i" "'" "" 
P C ' L ' S ' I ' A T ' / )  L)70'O L 3  Uou ~7. p)"2 JO (iT .'O dT' J o d T ' J  o d T "  

< {exp[ip" �9 vo(t r'")J', 

'. < E,.Jv,.r, r)  E.(v .r" ,  r").L(p",  t - r")) '(~ (20a) 

,,,:,.2, ,, ,  '!ii f' ' i . . . . . .  dr  I dr '  ~Pol..srAr~,, 2 m , % l ?  ~ p,2 . o �9 �9 o 

�9 .'E'..(v0r, r) E,.(vor'. r'j./',(p", t 

dr" exp[ip" �9 v0(t -- r")l 

r" I) ~") (20b) 

The doublet  anti triplet correlations in 113b), (13c), (13f-g)-(13h). (2~a). 
and (20b) comprise the sel of  equilibrium correlation tensors which will bc 
treated in Section 4 for their convers,,,n in Section 5 to linear and quadratic 
polarizability functions vis-,,)-vis appropriate Iluctuation-dissipation theo- 
rems. We w~sh, however, first to card the pure polarization energy loss con- 
tribution (13a) into dielectric lkwm. l his is taken up in the next section. 

3. P O L A R I Z A T I O N  C O N T R I B U T I O N 5  

Starting from Poisson's cquation, 

ip �9 I)q), IL) ~2rrZci%t ,5(p �9 v,. - t,) (21) 

for the electric induction response l ) (p , / , )  to the moving external charge, 
we present here a straightforward m,'dium electrodynamic derivation of  the 
dielectric formulation of  tJae pure polari,,atum energy loss contributions (l 3a) 
written in Fourier  representation as 

' i"  t 
| dr  exp[i(p �9 v o -- /a)r] u Z , " u )  : .. ,.,j., Z 1 , # ,  . r : , q , , .  

[I -t 

. v  i. 2 (22~ 

3 Throughout the remainder of 1hi,; paper v,c adopt the '~patial Fourier transform conven 
tion (19). The temporal Uansform i~ givcll b,' 

- . . ,  . d a r  e x p [ i ( t , " t  --  p"  �9 r ) j j ( r ,  t )  J(P"' ~"' t" dt It_ a 

with reverse transform convenuou 

(I/17) Z j (dr," 2=)exp[i(p" .r  .-t**t)jj(p",l, ") j(r, t) 
p .  *" 
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Nov,.  the connect ion between D(p, #) and the average electric field corrections 
<E(p. H', ,c') is given for a homogeneous  zt0](.I ~tationary plasma by the con- 
stitutivc relation (a) 

D(p,  t') ':: E(p, p)  �9 ~ (E(p ,  it)', '~' 
s=1,2 

I ~ dtz' 
/~ ): , , t4p , La , J - |  ~ r p", tL, td') : <E(p', '" q) . . . . . .  /~")"") 

(23) 
p' ~. p " :  p, tL' : 1(' 1~ 

so that elimination of  D(p, ~) between (21) and (23) yields, to O(Ze)  anti 
O[(Ze)"], respectively, 4 

(E(p,  F) )  (1) -- ip 2rrZe ~'~(p �9 v 0 --- /x) . . . . . .  .,- (24a) 
%P" ~L(P, /x) 

and 

where 

and 

<E(p, /z))  (2) : 
1 - -  -2~-L- z- P '~./~,'/~.~ eo(P', p", ix'. tz") 

D' P~L(P, ~)  

• (E. (p ' ,  ,~z').(')J E~(p", Is.")) q) (24b) 

�9 ,(P, t z) /',1;,,~ ,,,(P,/~) (25a) 

~o(P', P", P.', P-") /~/3,//)-If~,.,.,(P', P", t~'. t . ' )  (25b) 

are the longitudinal projections of  the linear and quadrat ic  dielectric tensors 
~,,~, and E~8~, and where we exploited the scalar character  of  the average field, 
namely 

(E(p, t~)> ~') : - ip<~(p,/~ ~*~, .v .- 1, 2 (26) 

' We  note that  the external  charge density ~s itself lnodificd by the presence of  the  plasma 
particles so that  

p , , ~ t ( x ,  r) Ze O(x ..- ~,,t' 2x  ) 

Since ,fAx> is, at most ,  of  order (Z,,) ~, the .txeragc nlodificati~m m the external charge 
density and,  consequent ly ,  the  co r r e sponomg average electric tield reaction to this 
modificat ion are of  order  (Zep .  Now (24b) q~ov,.,, that , E(p, t,);'"' ~ O[(Ze)2~o] and in 
thc Vlasov approx imat ion ,  'fo ~ O[fBne"r2.'c,) c] ~ O(e) (';ce p. 86), so that  ,/E(p, t,); qz~ 
O[(Ze)=e]. Since e and  (Ze) are on ,he same smal lness  footing, a proper  formulat ion of  
(24b) should take account  of  the  modil icat ion in the external charge dcnsity. This  has  the 
effect of  adding  to (29b) te rms  of  ordcr  (ZeP conta in ing factors like li[(t,(p', p'  " v0) 

(L(P", P" " %)]. 
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since the p l a s m a  is a s su me d  to be ,nag~;ctic t ield-frec.  [ -qua t ions  (24a) and  

(24b) then  c o m b i n e  to give fo r  the s e c o n d - o r d e r  ave rage  e lect r ic  tield o~r-  
rec t ion  

2,:(z,,)~ _ 2 . . L _ ' i _ _ ' . _ ; .  : . . . .  ': . . . .  'q~p , p , p % ,  p �9 %t (27) (E(p./z) ,'~' ...... )?-~.i:/.- p;',(p �9 v,. Iz) ~ pp'r," 
p' 

whcrc  

..... ~. 4_P, ~_'i, ff',__~.." ! ..... (28) 
+I(P" P"" /~', P'") ~-~(P, t~) ~LfP',/~')  ~c(P ", tC) 

Thus  u p o n  in~.crtlt}i', i24.~) aml  (27) back  i~l(o (221 and  t ak ing  accoun t  o f  the 
o d d  p a r i | y  o f  P,e ~,~(p'. p": p'  " % ,  p" �9 %) t,n, ler s i m u l t a n e o u s  sign revcr:;al ~f  
its two  wave v e t ( o r  a r : u m c n t s , : '  one  o b t a in s  the fo l lowing  des i r ed  d ie lec t r i c  
f o r m u l a t i o n s  o f  the energy  loss co r rec t i tms :  

a a d  

U~Z) ( t ( Z e ) Z ~ ,  p'v. lm I 
o,,,. ~J -: -,;,i,.-~ . . . . . .  7 : ; ~  ~,(~,,p--.-V,,i 

(29a) 

(~') t ( Z c i ' a  Y P-. ~--V~ Re 9(p ' ,  p" ' p" 
I r t ' ( ' t ( t  ) -I-%-/]:i-) ~- ':~ p p ' t , "  ' p " v ~  " % )  (~gb) 

p , : b "  

p "  " . 2 , 3 ,  (p '  -+ . . . . .  p). The  c o r r c s p o n d i n ! :  po~,'cr h: ;s  co r r ec t i on  / ' "  ', n are  

then  o b t a i n e d  f rom (29a) and  (29b) and  the def in i t ion  (see f o o t n o t e  2) 

P("~ Inn [U~'~ t )..'t] (30~ 

T h e  exp re s s ion  (29a) is tile ~c l l -knm~ n rcs,fll for the l inear  cont rJhulJo~ 
io the  po la r iTa t ion  energy  loss o f  a test part icle .  ] h i s  resul t  is c o r r o b o r a t e d  
by  m o d c l - i n d e p e n d e n t  m e d i u m  e l e c t r o d y n a m i c s  which  pred ic t s  tha t  dis-  
s i pa t i on  in a lossy p l a s m a  i,, p o r t r a y e d  by 1he a n t i - H e r m i t i a n  pa r t  o f  the  

Equations (25a), (25b), anti (28). togcther with the reality of ~r162 - r', t t ' )  and 
,'~t~.,.(r -- r', r - r"; t .- t ' .  t -- t "L  suggest that 

,Eo(-p' , -  p', . u , - p . ' )  
,~(-P'. --P'; � 9  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

,L( - P, -/a)~,(. p', ~.')q(.--p", .-/~") 

. . - -  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

p.p..L~p. ,,),V:?./: 0'. , . '~;,~/%(p', ,:) 

i ,o(P', P'; ~,'. ~,') ) * �9 " . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  �9 ,!*(p', p'; ~', tL') 
(t.(P, P) r , ' ( 'P ' , /d ) ' t (P ' ,  P ' )  t 

or Re "q(p', p";o.', ~') "- - R e  ~( - p'. - p"; --id, ~,"'1 and lm r/(p', p ' ;~ ' ,~a ' l  " 
lm ' q ( - - p ' . - - p ' ; - - t , ' , - - t : ) .  
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dielectric tensor. ~4~' i urnmg now lo (29b), it appears  that only Re ~1 contri-  
butes to the quadrat ic  pohtriTation correc t , re .  Later  on we shall see, however,  
that  the stali,qic;tl energy loss contr ibut ion involves both the real anti 
imaginary parls. There ar.: no kno~.n energy h,~,: calt:ulatio~s made from 
nonlinear medium electrodynamics whici~ can support  these iilldiilt;5;. Their  
consequences with respect to Iossless f~lasmax ~,ill be discussed m Section 6. 
We consider next lhc stalistiC;d ener.~,.y loss ctmtrikultion. 

4. S T A T I S T I C A L  C O N T R I B U T I O N  

In order  to replace ultimately the cti,rilib~ium microsc,~pic correlations 
in (13b). (I 3c), (1313-(13h). t20a), (20b) I, 3, their dieleclric lun,.'tion relative'; 
supplied by appropri ; , te  fluctuation-dissil,ati,, '~ theorem% it is ne,.'ess:3rv lir.:t 
to formulate  these correlat ions purely in terme; of  microscopic currenl 
densities. This is the task of  the presc , t  .,?clivn and is. of  course, iacihtatc,.t 
by convert ing space time correlations I,, correl:ttions of  wave vector an,i 
frequency componenls .  "lhu:, conversio~ to Fourier  components  via the 
inverse t ransform convent ion of  footnote  3 and use of  Poisson's  equat ion 
for  the microscopic electric field, e.g.. 

E ( p , / 0  :- (i/t,~,,)~b . jmp,/ , , ,  fi ..... PIP (31~ 

leads to the following expressions fo r  (13b), 13el, (13f)--{13h), (20a), and 
(20b): 

(Zc)  '~ ,~ "' dt t " dlt' p.,))(o) 
U l ' " ) ( t )  . . . . . . . . . . . .  ,,o(2rrL3--"",o)" ~ /3,,b~ i ,., - ~, .l .. /. '.~.I'~(P, F).iB(--P, 

• L , , ( p , / * ;  t), m ,:. l, 2 (32a'~ 

v~ ' ."~( t )  = . . . . .  " '  r ~ . . . .  
�9 ..... /,~t,,, t,~ (' o - ~ . . . . . _ , , ,  a~" 

/ / j . (p ,  /~)ja(p,, p , ) j~ (p .  # ~).yo la,.(P, P', P ' ,  /1-, t*', pL'; t) 
(32b) 

f 
l 

ip �9 v o dr cxp[i{p �9 v .  - t ~ ) r ]  
" 0 

i ,. J d r '  f '  d.'r" exp l - - i (p  "v o .... /z)z']  (33a1 
" 0 

' f0 l.,.,(p, ix; t) =. �89 f dr  dr' exp[i(p �9 v o --  t , )(r  --  r ' )  l (33b) 
0 

(n == 1, 2,..., 5), where 

l z . t ( P ,  k L t )  
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i t t  i I �9 '~ 
l s a ( P ,  P ,  P , / z , / ~ ,  F" ;  t )  : :  - - f l m o ( p  �9 %) .t ,, dr"  exp[i(p" . % - t~")(t - -  -r")] 

f t  
x ),,  dr  exp[ i (p  �9 % --  /~)r] 

-r -r" 

f ,/,' t dr" />.-] 

�9 ,J;. 

Is.2(P, P ' ,  P", /z, /x', /z"; t) . . . .  A i~mo [ dr" cxp[ i (p"  �9 % 
0 (' 

:t d ,  e x p l i ( p  " % t~)r] 
"' 0 

(33c~ 

. t  

I3.4(P, P ' ,  P", F , / x ' ,  p."; t) �9 [ i ( p .  vo)(p'  �9 P " ) / / ' I  t d r  exp [ i (p  �9 v o - /x)r]  
�9 I1 

Mr " i  X j o d r ' J  d r " e x p { i ( p ' ' % -  ix')r "] 

f 
~," , ,T"  

x dr"  j , i t  Iv exp[ i (p"  �9 v o / / ) r  w]  (33f )  
0 0 

- t  

ls.~(P, P ' ,  P", P - , / x ' , / ~ ' ;  t)  , [i(p �9 vo)(p " p") /2 / , " ]  t dr exp[ i (p  �9 % - p,)-rl 
" II 

:' t" dr' } dr" exp[ i (p '  -v, ,  t , ' ) r " ]  
�9 I) �9 ii 

. -  t , r  

I ,: 'r" [ , / r "  c x o [ i ( p " ' V o  .... i , " ) r  'v]  t ~ p . )  

In the  l o n g - t i m c  (t + co) l imil ,  
( 33a ) - (33c ) ,  (33f) ,  a n d  (3391 b c c o m c  

l im/ . , . t (P ,  ~ :  t~ - 2~r t ( / '  
t , ,  

lira Iz ,2(p,  I~; t )  - ~rt ,b!p 

o n e  c a n  s h o w  t h a t  the  [ i n t eg ra l s  

!/; " /-/v7) 3+(p " v , , -  p )  (34,,,  

�9 v,, . .  t :!  (34b)  

d 
lira I~,x(P', P", P- ' , /~";  t) . . . . . .  2~'flmot( p " %) -= ..... 
t - ~  OUo~ 

L_ [ ; , ' . ( / ' " )  fi"," ~p"  . v. tx")1 (34c)  ~x 
L P ' ~ ; ' ~ ; T r / : r T i  f i~ ; i -  - - P '  " YO - - - - ; ' ) ' - - - "  I 

[3,~(P, P', P", P , / Z ,  !L"; t) = (p' 

x 

l" t 
:< I d r  td)~-'] t3 . ,d)  

�9 o 

�9 P"'/IX"~ i" '1~ e x p [ i l p  �9 v o - -  F)r] 
�9 0 

I" a t '  e x p [ i f p '  - v o - t " ) z ' ]  
0 

"~ ;I o d-r" )~ ,, , i t '"  exp[ i (p"  �9 % I~")r "] t 3 3 : )  
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lim 13.4(P', P", P", I~"; t) =- t-,or 
(2rr) z i t ( p "  vo)(p" " p") 

. . . . . . . . . . . . . . . . . . . . .  

i~t "p p " 
~ ; 2  r, . �9 " , ,  ; n " t,.(p) b~ T~.,I v ) p,~ 

.. [ fi . . . . .  ~,, .- 6Iv.,, ,t',,,, . ]) Tr,{ p ) l~ t[  ,T t , , ( p )  

;< a ( p . %  - - t L ) b _ ( p " . v  0- !,")] (34(I) 

(2 rri)" i t (p  �9 vo)( p �9 p") ~;2 
lim 13,5(P', P", t*', tL"; t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ;- .... 

where, e.g., 7 : , , , , ( f i " )6a , ,  

", , I  t , , , t p ) P t f ~ , , , ( P  )P, , ,  

Ip' "v.  -!,.')~i (p" -% .... jt,')] 8 (34e) 

/3~'/;,,, is the Iransverse projection tensor with 
respect to the unit wave vector fi". and 

6, tp  ' %  t~t) �89 . v ,  - F)  ~ l i :2rr)  P( l /p  �9 v0 - ,t,) 

P d e n o t i n g  the Cauchy principal part. In the t ~ ~o limit, the integral of  
(33d) and that of /a .a  which contributes to U ~a.:" can be shown to be time- 
independent.  Consequently U ~a.z) and I ,:~a.:", unlike the other energy loss 
contributions,  remain bounded as t tends to inlinity and are therefore 
neglected in the sequel. 

4.1. D o u b l e t  C o r r e l a t i o n s  

Let us consider lirsl lhe statistical contr ibmions (32a) to the tes! charge 
correlations. 

<~.1) . .  2 7 r t ( Z e )  z I i; 
lim US.rAT(l ) - :  tn0(2rr%La)2 ~ ~z ( p ' v . ) ( P ' - ~ v ; )  fi~'/~') 

f~  d,, '_(e' . • , - / [  J .... /z' QJ'(P' P')/"~( p '  " 3 . (p  v 0 - - I ' )  
(35) 

We observe here that , ( ) , ( p , / L ) . M  p, p ' )  ,"" is even and real; its sign remain,; 
unchanged under separate wave vecto~ and frequency reversals, since the 
equilibrium system is reflcction-invarianl and the sign o f  the equilibrium 
current-current  correlations is unchar:ged under microscopic time reversal. 
Thus the opera tor  

f ( p , / z , / / )  ~:~: (p"  v~ ~p~ (j~(p, t O J ~ , ( - - P , / z ' ) )  <~ P " -:--  (36) 
~/z cv o 

cncrgy loss arising from the equilibrium doublet current 
Equation (32) with m :--.- I and Eq. (34a) combine to give 
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has nct even parity with respect to simultaneous revcrsal of p, o,, and #'. 
Clearly, then. the product o f f ( p ,  o,./~') and the principal value part of 
8§ .v 0 - / z )  has net odd parity !n the sense just described, so that this 
product contributes nothing tinder the simultaneot,s summation and 
integration operations of (35). Only the product o f f  and the 8-function part 
can contribute, so that (35) simplifies to 

r:~z." r-" rrt(ZeJZ 1 ,' ~,~,, 
]in 2 , -s rm, , ,  := ,n,,(2~r%La)* ~ -p~ (p" Vo)(p " -:7,,,;-) (1~ - vo-) = 

~o-J 

:.: j .... d/J.' (LAP, P " vo)j,(--P. I / ) )  (~ (37) 

Concerning im.~ Eq. (32a) with m : : 2 and Eq. (34b) combine to readily V S T A T  , 

yield 
C 2 , 2  - 7rt(Ze) z Po k,~ .... 

! !'rl~r~ U S T A T ( l )  ?~0-(.~'-~0-01~ 2 X (-p---vo)'-'). =.,1/~' (j,,(p. p " Vo)j.(--P./ ,))(o) 

(38) 

Then upon adding (37) and (38), one reco*ers Kalman's linear results for 
the statistical comributions to the energy Joss. 

4.2.  T r i p l e t  C o r r e l a t i o n s  

We turn next to tile reduct ion ,~! ~hc tr,plet conl r ibut ions ~,32b) to 
simplified forms similar to (37) and (38). (_k,~sider first the mixed polarization- 
statistical energy Joss term, (32b) with n !. Upon combining this with 
(34c) and letting p" ~ p, p' --,- p". /z' - - y .  /~ .... O,' for future notational 
convenience, we obtain 

lr ~(3.1) [ j ,~  
J i m  ~J P O L , S T A ' r ~ "  / 

- -  2mf l (Ze)3  V [(P + P') "P'][(P "- P")" vu](p" vo)p,,(p + P')BP~, 
mo(2rreoLa)a i .  (pp-)Si p + p, i~ @.p~ 

"l~z(D)/~[Tb,,(p')p, ,  _ ........ ,~ , I ~ do,' ('~ do•" , , (  

t -p- -s  -;,-;-- o, PrP," , , (P  ) PdS. , , (P)  i't'u' .... " 

.:,,o) . . . . . . .  i . . . . . . . .  ] 
• (j~(p. p �9 vo)j,(-p -- p". t,') i,(p", p ,, p �9 Vo - o," I (39) 

To see why I/(p'vo- o,') in (34c) was interpreted as being a Cauchy 

principal part, we note first that the product 
t ~ ~ t ~ u  t n t . ( �9 i t �9 Jr 

[(P �9 P )P~PoP~/PPP o,k t ]<J~ P,/~)./,(P �9 t~ ) : , (P ,  o"))~o) (40a) 

appearing in (32b) with n --= 1 undergoes a change in sign under simultaneous 
sign reversal of the wave vector and frequency variables. Consequently, only 
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the product  o f  (40a) with the corresponding odd par=ty part o f  1,~.~ can 
contribute to (32b) with n �9 1. Now let us a,,sumc that the interpretation o f  
I / ( p ' .  vo - -  Ix') is entirely arbitrary and suppose therefore that a vanishingly 
small quanti ty is c can be added to or  subtracted from p' �9 vo - t d. Then 

1 I 
lira ',rri 8(p', v o NOb) " - i -  P . . . . . . . . . . .  

p �9 % -- IX' 
and upon combining (34c) and (40b), it i~, clear that the ensuing b-function 
part has net even parity with respect to the sign reversal o f  (p'. p" , /z ' ,  /z'), 
whereas the ensuing principal part contribution has odd parity. Thus only 
this latter can contribute 1o the energy loss expression (32b) with n 1. 

It now remains to evaluate the pure statistical contr ibut io ,s ,  (32b) with 
n .= 4, 5. In thc ca.~c ,>l" ,,(3... - s t ^ r .  the combinat ion of  (32b) with n :--: 4 and 
(34d) can be sho~n to yield in the limit t - a,  

,i(3..J) r rrt(Ze):~ [tP -- P") " [ . . . . . . .  ", ,.p ._,._~j_Lt.'j[!~..: p ~" l, J 
lira ,~s~, , , , , ,J  :- ./,~o,,(.2-#/o/?,i.~ ~ . . . . . . . . . . . . .  ( . ,p . ) ,  : p , p .  i= . . . . . . . . . . . . .  p . p "  

~,,,( b.)/~;~,,,,~(#")b,,, 

' .  ' .i,(P. P " vo)jo( P -- P", I")J,.(P', p.).>(o) p P" [ ] 
�9 u ..... IX" 

(41) 

which is strikingly similar to (41). 

T,,,(b) bL"r~.,,/~') L.  
., #=(p i. p ' ) ,#~  p,~'l'~,(F)ptp." " " ' "T , , , ( / 5 )  

< .......... [ ,  j ;  ,',," 
o i x .  ,, Ix d O 0 ,  t ~ b ' 0 h  ..... ~.-- 

• ( j , (p,  p .  vo)j,(__ p _ p., I x , ) . / . ( p .  Ix.).~o) p 1 

p, ,  . v o - -  Ix" J 

(42) 

Similarly, for ,..tl~'~"~')s.rnv. tile combinat ion of" q'32b), with . :.- 5 and (34e), 
accompanied by the summation-integrat ion variable transformations 

p'  . . . .  p",  p" . .... p ,  i L' .~ t x"" tx ~ t ~'  

ultimately results in the expression 

lim t,(3,s) t .~ __ . - , ' r t (Ze)  :~ [(p : p") �9 vo][(p ~ p") " p][(p .I-- p ' ) "  p"] 
t .... ( p p . ) S ~  p + p ,  i~ 

p . p "  
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To summarize this section, we add (37) and (38) to obtain the following 
statistical contr ibution to the power  loss [see Eq. (30)] due to the doublet  
current  density correlations: 

p(U) _. -- lr(Ze)" "r [l P 'V~  i' P"/3s 

t ,  ' '  

~ J ~ d/z(j, Ap, p �9 vo) i.t p .  tz)) <~ 
(43) 

and we add (39), (41), and (42) to obtain the following mixed and pure 
statistical contr ibutions due to the triplet current correlations: 

p(,) 2n(Ze):' I,p' t p")ip"]p,~ '(  p' il p')ap~, 
P O L - S T A ' I - , S T A ' r  : "  ~-~-k/Oi(:,~-~~..~ ~ ~ " ( P ' ; P ~ ) u  p '  ,p" 

/ ; , , ( / " )  i;~" L , . ~ ( b ' ) / ; . , '  ' ~' 
" - ~ / D / T  . . . . . .  g'~ t flmo(p' "%)[(P' '- p ' ) "  v0J p, '  ,~(P ) PtP,,T~,,( i ) 

- t ( p ' -  r  p'J . , ' .  J .... - / -  

/ p . . . . . . .  ! . . . . . . . . .  , . . . . .  (o) i 
p, �9 v o -- /~- (J~(P', p' . vu).i,, ( --p' ._. p'. ~ )J~,iP ,/* ).: 

(44) 

We have thu,~ arrived at the point '~hcrc the microscopic current  density 
fluctuation spectra n: (43) and (44) are to bc replaced by appropriale  polar- 
izability functions via llucluation-dissipalion ~heorems. This is taken up in 
the next section and our  calculation,~ should ultimately lead to energy 1o,~:, 
expressions similar to the pure polarization results (29a) and (29b). 

5. F L U C T U A T I O N - D i ~ i S I P A T I O N  T H E O R E M S  A N D  
D I E L E C T R I C  F O R M U L A T I O N  O F  T H E  F O R M  F A C T O R S  

I t  is notationaly convenient to introduce here the scalar " form factors" 

S(:)(p) " 2r p �9 %) (45) 

" . . . .  I I S(3)(p,. p.) ....... J|__o...'d~ Q,a,(p,. p.; p , . v o  ' ,L", P 

where 

p ' . v  o +  ~." p ' . v  o -  Is" 
(46) 

2zrLSQ(2)(p, p " %) 8(p �9 % .-~- t*) : /5,~t,(L( p, p �9 Vo)j~(--p,/z)) ~~ (47) 

Q(S)(p,, p.; p, . vo, /z') c~(/z' -i. p' �9 vo -i p ' )  
t I a 
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and it is clear that (45) and (46) written also as 

:_ . . . .  , , ,  . . . .  : _ , :  f f 
p~ ~i I : p / ,  [~ " dlL' "~ d/z" p _p, 1 

S(a)(P" P") p ] p' -i- p [p" .... -t~." _.,. ta �9 v 0 - - /z"  

>: (A(P', P' " vo)./fi- P' P', td)j~(p',/z")~ (~ (49) 

are the central terms of  (43) and (44). In this section we shall recast (45) and 
(46) into dielectric form. 

The starting points for our analysis are tim fo|lowing linear and quadratic 
fluctuation-dissipation theorems of  plasma physics~7.9): 

Q'"'(p, ix) := (2/fl) Re ~L(P./~) (50a) 

and 

Q(2)(p,, p - ; / z ' , / z ' )  : :  - (8zrL3/fl 2) Re[c)o(p', p"; t " , /~ ' )  (50b) 

- -  ~o(P ' ,  - - P ;  - - / z ' , / L )  - ~ o ( - - P ,  P ~ ; / z ,  --/~)] 

(p =-: p' -i  p'.  t~ .... /L' i ~z"}. where <~L and ,~,, :~re the ~,;o-cailed linear and 
quadratic external  conductivilies which connect the average first- and second- 
order induced current density responses, vcspcclivcly, to the exlernal driving 
field 1~ [of the moving test charge see Eq. (17)] and the product J~l~, namely 

(L(P, /z)5 (~ = ~.~(P, t L) LfP , / z )  (51a) 

S ' d/z' . , 
(J"(P'/z))(z) ---- (1/La) ~ -2~r- 6.,a(p', p" ; /d ,  bt")/~,(p,/~')/~a(P',/~") 

p,  .-.co 

(SIb) 
(p = p' -~ p ' , / z  =: p.' + /z"), with 

and 

Oo(p' , p ' ; /z ' , / . t")  . :  ~,bv'fi'~@.,~(p', p~ ~ ' )  

(52a) 

(52b) 

Recent medium electrodynamic studies (Ta."~ show that  these external con- 
ductivities are related to the dielectric function t25a) and (25b) as follows: 

and 

aL(p,/z) (53a) O't.(p, /z) :-= --i%/~ ~L(P, /X) 

#o(P', P~ t �9 , /~ ')  . . . .  t L', /z p. (53b) , = --teo~.r/(p, P , /~'), == , .~_ p." 

822111x-6 
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where a , (p , /z)  ==: ~L(P,/~) .... 1 is the hncar polarizability o f  the plasma 
medium and B is defined earlier through (28). Equalions (50a) and (50b) 
permit us to write (46) and (47) as 

Sl"~(p) = (4rrLS/~)  Re 6t(p, p �9 vo) 

Sr ', p") -- 

(54) 

87rL 3 
_ . . . . .  : ! e ' :  . . . .  . / ,  

I 

• Re[ev(p ' .  p"; p' . v,,,/z") 

- Oo(p'.  p ' . -  p"; - - p ' - v , . / L ' - ~ - p ' ' V o )  

- -  6~a( P '  -- P", P" ; / ' "  -i p' �9 %,  - -~")]  (55) 

Now let us examine more closely the nature of  lhe denominator  term, 
l ] [p . ' (p ' -v0-~  ~c")], appearing m (55). This term might be interpreted to 
be any one o f  the l\~ur products. 

[ 2 r r i b ~ ( I , . " ) l [ - - 2 7 r i i ~ ( p ' .  v,, t- pT)] (56a) 

{ -2,-ri &(/z")][2rri,~i (p ' .  v,, i t '")] (56b) 

[2rri,~ (tz")l[--2~i 6 , ( p ' -  v o .[ J ; i  (56c) 

[2rri ?;__(t*~)][2~:i 6_qr v,, i /~")1 (56d) 

Consider, e.g., (56c), which expands to 

"rr 2 <3(/~") 6(p' �9 v,) rri[bfp' �9 v,, -i .u") I 3(/*")] 

I I 
: ,  1'--:p ........ ,,, i- t,t, i? ip '  v-.,., U~;?-) ~57) 

Associated with the first double delta ftmclion member o f  (57) is, from (55), 
the combinat ion o f  dc conductivflies 

Re[6o(p' ,  p"; O, O) 6o(p ' ,  - p' p": O, OJ --- 6o( . . -  p' - -  p", p"; O, O)j 

each of  which is identically zero in virtuc of  (fi3b) arid the boundedncs~ ~,1" 
the corresponding dc term.~ in Im r/. ~ l h u s  the first member of(57)  contributes 
nothing to S ~a~ in (55). We might observe from the odd parity o f  Re 6- 0 

e From our recent nonlinear fluctuation-dissipation ti~eorem study ~w~ we were able to show 
that 

lm rt(p', p"; 0, 0) .... I-- t3:72~,,l.~pp'p ") 4prO)t,(.- P~t'( - P")) ' .  p .- p' -t- p" 

where, physically, one expects that the r.h.s, equai-time triplet correlation of microscopic 
charge densities is bounded. 
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with respect to simt~ltaneous sign reversal ~I" its wave vector and frequency 
arguments '~ that the second and third mixed delta function-principal part  
m,:mbers o f  (57.) als,~ conlribute nothing to lhe power loss expression (44) 
due to the fact that these two members, each in multiplication with the other  
wave-vector- and l'rcq~tcllcy-dcpcndent fact,,r~ c~,mprising (44). give rise io a 
net oddness p:.lrity. Thus, only !he fourth pure double priacipal part member  
uf  (57) can contribute anti, lbrttmate!y, this term alway~ carries the same 
sign independent o f  the four possible choices given in (56). "f'htls a partial 
fraction expans io ,  of  the resulting triple principal part fraction in (55) 
accompanied by applications of  Kramers. Kro , i g  formulas like 

Im ,)(p', p"; p . , /z")  I p j av - �9 . . . . . . . .  . . . . . .  Re 0(p' ,  p": tz'. x)  (58)  
7r  . .  , t t  . x  

and subsequent o~tversion from ~ to .r / via (53b) ultimately yields for the 
triplet form factor 

,r2%/) [ . 1 
s t~ (P" P") - . . . .  /~  ........ [ .... - p - - v ~ -  R e  ,~(p',  p ' ;  l'" " v . ,  0~ 

1 
�9 i .... ~- -. Re 71(p', p ; p' P . ~,, " �9 %,  p" �9 v,) 

I 
......... : �9 J~,c 7/(p', p' �9 p ' ;  p' " V., (p' i p ' )  " vo) 
~ p ' ,  p " ) ' v .  

. . . . . . . . . . . . . . . . .  R'. ~}~p'. �9 p' p '  p' �9 v,,, 0) (p' : p ) ' ~ , ,  

X hn  r /(--p '  --  p ' .  p"; tt" I p' �9 vo, - - ~ ' ) ]  ~59) 

6. D I E L E C T R I C  F O R M U L A T I O N  O F  T H E  S T A T I S T I C A L  
P O W E R  LOSS A N D  T H E  P L A S M A  E X P A N S I O N  P A R A M E T E R  

Kalman ' s  linear contr ibution to the statistical power loss, ~ 

p(2) ~m0% La(Ze): V ( p ' v t ,  ~' ) I t 
"- ' .... : ; P  -~;Vo p ' v o  ~t . (P,P %) 

" S T A T  ~--. 1 [ . . . . . . . . . .  lm (60) 
/ 9 "  

is readily obtained from Ihc combinat ion or (43), (45). (47), (53a), and (54). 
Unlike the polarization power loss (29a), this statistical contribution is, o f  
course, proport ional  to the plasma temperature ,8 -1 . Equation (60) also 

The parity rules for ,~Q are the same as those for '7 in footnote 5. 
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shows that more massive test par'.icies are less affected by other statistical 
fluctuations of the equilibrium plasma. 

Concerning the corresponding hihger-order coz~tribution and, in 
particular, the triplet form factor, we observe that the wave vector trans- 
formations 

p' - q " -  ll ' , p" �9 q', i~' -! P" :- q" 

put S c3~ into a form which is man(/estly anti.~ymmetric under interchange of 
q' and q", i.e., 

Z(q', q") .S'~:~(q " q', q') -Sl'~qq ' -- q", q") " -Z(q",  q') t61) 

This parity rule permits us to write the power loss equation (44) in the mani- 
festly (prime, double prime interchange) symmetric form: 

p<aJ _ (Ze) :~ (q' " q")(q" - q')~(q" " q'),,(qo'q~ ' -  qB'q,) 
POL--STAT+STAT -(-flmo-~oL--j)~ ~ [q,  _ q, Z(q,q,)a[i _ (t~,. tj,)z]z 

q" ,q" 

where 

t) 
X ~lfm,,t,o.t~o.[q" T (~ [ ) "  #".j~' ...... q ' '  T(#")  �9 #'4.'1 rgz,o~ 

r . . . .  " "  " '  . . . . . . . .  " " ] /92 l , q,.q~ T~(q )q. '1. q~ l~ (q  )q. l 'o, 

• R(Z~(q" q") (62) 
(q" -- q') �9 v, 

R~'~Jtq ', q") : (---flz/87r2%L:~) Z(q', q ')  

From (59) and (61) we see that R~:U(q ', q") is evidently an "effective" quadratic 
polarizability-like response functiolt. Again remark that the term in (62) 
which carries the second velocity derivative i,~ the pure statistical contribution. 
This term is seen to be proportional t ,  the square of the temperature, con- 
sistent with the fact that it is a qu;~dratic correction to the linear statistical 
power loss. On the other hand, the term which carries the first velocity 
derivative is the mixed pol~trization-statistical effect and therefore featuresonly 
the first power of the temperature. Equation (62) is the desired dielectric 
formulation which extends Kalman's result (~,~;). 

Equations (29a) and (60) show that dissipatio~l is portrayed by lm ~. .  
This well-known result has been deduced from purely medium electrodynamic 
considerations. ~tt~ Concerning the quadratic contribution to power absorp- 
tion, we observe from (29b) and (62) that for a zero-temperature and, 
consequently, nondissipative plasma, ~1 must be purely imaginary. This result 
has been corroborated in a recent nonhnear conductivity calculation based 
on a cold plasma hydrodynamic model. ~m However, it would be preferable 
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tu verify from a mr mcdmlI, electrodynamic energy 
absorpt ion calculation ihat ~/ is indeed purely w,aginary for a nondissipalive 
plasma. 

Unlike a linear nledi~.m.v.'ilcrc ~lb~.,rpli,,. i,, reflected enlirely by lm ~ ~ , 
the quzJdralic plasm:l ~;lc, ii,~lll It'alurcs b~qh ~l,: real and imaginary paris; 
oI'71 [see Eq. t59)]. As.,urcdly the real part ~;eclll~, to i~e more prominent  and 
this seems all the more trite, since the appearance o f  lm ~ under an integral, 
e.g., 

P j (dtd',,"/z") Inl ~i( p' p". p": i~' i p' �9 vo,  - t~") 

arises only because the: ',ariable td' il~legr~mon lili this case, p"} appears tn 
each of  the two freque~cy arguments,  so thai Kramers -Kron ig  formulas 
c a n n o t  be  used to a n y  ~.ldv;lll|age here.  

The derivation o f  the purely dielectric description (62) for the quadralic 
correction to les! particle power loss ll;~s bccn Ihc central thrust o f  this paper. 
In principle, it is then a straightfolward matter to compute  the dielectric 
functions ill (162) f rom the appropriale  plasma kinetic equation to obtain 
explicit values for lhe vari,~us conlrihutit,lls I i,,,larizalion, ~',tatistical. al~d 
mixedt to this power I,,~'~ correction as a I'uiltli~,n of  the ratio of  the te,;i 
charpc velocity to the th,.'rm:il velncay ~,f Ihc equilibrium plasma. For the 
linear contribulion Kalman ~:'~ h~l', already ewiluated (601 to zeroth order i,~ 
Ihe coupling parameter (i,~tlo of  p, mm~ial c flcrgy to kinetic energy), 
6 /~c':,'47;q,r. u,Jng lh..  l"io.w e~pressi,m for the linear polarizability 
therein. Similar t.:oinputaltol'Js applied to (62) are mucl~ inore complicalc, i 
and in any case fall ottl,;idc , , f  I l l ,  scope of  the  ~wescnt paper  

Wc close Ibis ',ludy ',viii1 a proper ,!:u'ification of  llac ordering of  Ihe 
silialhlcss paramcler~ <, al~tl ')' ['~tlt,":i'2/~,i wht'i l  ti~c quzidralic corrections art. 
take l l  i n t o  ~lcc'oul-H. W e  r , 'm i~d  lhe  rca t le r  Iha l  lh~" dc~i~,ily u is Ill 13(2 regardc t i  

,l.', being a pa r a~c t c r  in~icpcll~ient ~1" lh,, C,,t!pii t /~. '  strengih c:"; thus n may he 
hirge even in liae wc;ik coupling limil, so that the smallness o f  the p l a s m a  
parameter. 

3 ;4 ,-rn L,~ :~ 37 ~ ;'-'a 

can be tnaiIHained byl lk~l: , : , )  -s i l,,r-:. "- I. I t icsmal lnessof~ '~is .m turn, 
a~,~urcd i~y cxchtdil~.,, tlu, :ll ~l?,n:~ . ,licl~ ~tri'.," [lo,n strong biilary collie,ions, 
i.e., cxclt~ding illtClZit.'iitr~| tIi,,l:.|l~,J,.", r which :~lt smaller lll;.ln the impact 
parameter. Thus our  perturbation scheme is valid if, and oniy if, 

F,c'-'p:4 : , , :  �9 i 

To determine thc ordering of  y and 6 in (62), ict w, consider, for example, 
the nonrcsonant  (~L~>~ l) contribution. F~, lowest order in the charge 
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smallness (i.e., in the Vlasov approx imat ion) ,  one has from the K a l m a n -  

Pomeau  s tudy t~3~ tha t  

7T[~IIL'2C 
Rc ~(k ' ,  k"; co', co") = - -  ;,-z,-~k'k" 

"}Tv P - k" ' k " ' - : . P - -  .," �9 v c v co' �9 k'v  

f dav p 1 
t o - - k ~ 1 6 5  

::< [k'  19 ~ ' k" i ~ ~ ] i  (63) �9 g v  f 8 ( 0 ;  - -  k .  v) r- �9 ~ f  8(co' - -  k' �9 v) ! 

where k = k '  -~- k" and f o  is the Maxwel l ian  dis t r ibut ion normal ized to 

unity. Thus to  lowest  order ,  Re T I ,-~ ye ,  so that  

p(a) 
vlasov ~ (ea)(ye) : O(7 (~) 

F o r  the l inear  power  loss expression one finds in the Vlasov a p p r o x i m a t i o n  

that  
#,) 

Pv'i-.~o," 0(7'8) 

Clearly,  then, if  the quadra t i c  correc t ion  pea> is to be included in the total  
power  loss P,  then P can be correct  to 0(7~")  only if V(2) includes coll is ional  

correct ions  which are o f  o rde r  8, i.e., 

P(v>t~ov~ eo.i.~ion.~ .... 0(78) ( I  " 8) 

Thus the l inear  polar izabi l i ty  o f  (59) ~hould be evaluated from a p lasma 
kinetic equat ion  for the one-par t ic le  d is l r ibut ion  function which displays  a 

coll ision ope ra to r  on its r ight -hand side. 
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